Abstract-This paper starts with formulation of monotone fuzzy system and then proposes a formula based universal controller for class of monotone systems which is inspired from fuzzy logic control by extending the number of fuzzy sets into infinity. After taking the limit, the fuzzy rule table is replaced by an explicit formula and consequently the needed memory space is minimized. It is shown that this controller can be approximated by a linear state feedback controller followed by a nonlinear saturation function. Furthermore, the optimal control solution and global asymptotic stability for a monotone control system are shown. The experimental results show that the crisp fuzzyinspired controllers have the same or in some cases better performance and stability with extra merit of lower memory space and cycle time.
INTRODUCTION
Since the pioneering publication of the revolutionary papers by Zadeh [1] and motivated research of Mamdani and his colleagues on fuzzy control [2] - [4] there has been an explosion in the development of the theory and application of fuzzy to control systems [5] - [7] . Fuzzy logic controllers have been proven to be highly successful to control the processes whose transfer functions are not well mathematically defined but are available in terms of natural language rules. Fuzzy logic controllers are suitable to control of nonlinear and nonstationary processes where conventional methods are incapable. However, fuzzy logic controllers are complicated to design in comparison with conventional controllers and need plenty of memory to save the rule base and to implement the fuzzy inference. In the fuzzy controller design, the number of fuzzy subsets (membership functions) for each fuzzy input/output variable and consequently the number of fuzzy rules should be big enough to achieve a good approximation of the control surface so as to have a smooth and robust control. However, as the number of rules increases, the memory space, and program cycle time and total project cost will also increase dramatically. Therefore reducing and formulation of the rule table has been a challenge for designers.
One way to reduce the number of rules is by preserving the most effective rules and eliminating the least significant ones, based on empirical reasoning and observing the behavior of the system [8] , [9] . This method however needs sufficient knowledge of the process. Another way to minimize the rule table is by using the parallel structure of fuzzy logic controller by decoupling the variables which is not applicable in general [10] , [11] . This method is also restricted to the number of fuzzy subsets for each fuzzy variable. This paper deals with the formulation of rule table. The formulation fuzzy inference engine was proposed by Donato and Barbieri [12] . Their mathematical investigation on fuzzy membership function and fuzzy inference algorithm showed that a fuzzy set and its respective center of gravity have a squashing relationship. Both qualitative and quantitative studies on Mamdani type fuzzy logic controller indicate that it has the feature of variable structure controller (VSC) [13] . Observing of the rule surface of the monotone fuzzy controller also confirms that it has the saturating nature which motivates this paper.
In this paper at first the finite set of monotone rule table is formulated in Section II and then by extension of monotone fuzzy logic controller an explicit representation of the system is introduced in Section III, which can replace the fuzzy controller. Based on the formula, the proposed control algorithm can do approximation, perfectly without any constraints in memory space. This is achieved by replacing look-up table by the formula. On the other hand, the formulabased control strategy, not only keeps fuzzy sense inference and human expert reasoning, but also skips us from most of common fuzzy control design procedures such as fuzzification, rule base inference and defuzzification. The proposed controllers are inspired from fuzzy logic where they can express the control law semantically, but they are absolutely crisp and simple to design, tune and implement. The stability and optimality issues of such monotone fuzzy systems are discusses in Section IV as an extension of results of [15] for a wider class of fuzzy systems. To compare the proposed method with the traditional methods the experimental results are represented in Section V and the paper is concluded in the Section VI.
II. FORMULIZATION OF MONOTONE FUZZY CONTROLLER
In this section we formulate a monotone symmetric fuzzy controller which is capable of controlling a wide range of processes. The class of underlying monotone controllers satisfies the following conditions:
1. The universe of discourse of each variable is complete and consistent. This implies that the apex of each membership function is coincident with the basis vertices of the adjacent membership functions.
2. The rule table is symmetric with respect to its centre. Meaning that, the universe of discourse of each input/output variable is symmetric with respect to the origin.
3. The rule table is monotone (always either increasing or decreasing) in the diagonal direction.
Through the paper, the number of input membership functions can adopt either odd or even integer while the number of output membership functions is restricted to be an odd integer for simplicity and symmetry.
Let the fuzzy system has v input variables , 1,2, , 
Then the i th − element of j AV can be formulated as
If the number of membership functions is an even
, the apex vector is characterized by
Combination of (2) and (4), gives a general formula for i th − apex as
To standardize the design, the inputs are normalized into the range [ 1, 1] − + and finally the output value needs to be converted into its range. In monotone fuzzy system, the rule table is arranged so that its gradient is monotonic, then weighted summation of all fuzzy sets (superposition affect) the expresses the label of the output fuzzy set. In this sense, one can use the external weights as scaling factors for the input variables and consider the uniformly weighted inputs in the rule table. Therefore the label of each cell of the rule table is simplified as the summation of labels of corresponding input fuzzy labels. On the other hand each label is characterized by the corresponding center. Then the center of fuzzy output set will be derived from the summation of centers of fired fuzzy input sets; (
where 
It should be noted that ± signs are applied to control forward or reverse processes, respectively.
The maximum number of output fuzzy sets is obtained as;
where j k is obtained from (5) . If the number of fuzzy sets is of the same number N for all inputs, the number of output fuzzy sets will be; is odd
A typical monotone fuzzy relation is governed by (6) which can be introduced as the formula or function of monotone fuzzy inference system. But this equation so far is valid only for the labels (corresponding to the centers of fuzzy membership functions).
In [10] , a triangular membership function has been proposed as;
where ( ) x μ is the triangular membership function, x is the variable defined on the universe of discourse and m and σ denote the centre and half of the width of ( ) x μ . The center of i th − membership function of j th − input variable is derived from (5) as
For isosceles triangular membership functions in which are of normalized sum (The apex of each set is coincident with the basis vertices of the adjacent sets), 2 W σ = is obtained as;
By substituting (10) and (11) in (9), governing equations of the fuzzy subsets can be formulated as ( )
where ( ) f ⋅ is the union of all membership functions (the symbol , denotes the union operator).
III. EXTENSION OF MONOTONE FUZZY CONTROLLER
Now, the number of fuzzy subsets on normalized universe of discourse is increased up to infinity. Consequently the rule table will have infinite cells and it will be shown in this section that infinite number of membership functions leads to a simple formula to approximate the rule table.
As the number of fuzzy sets goes to infinity the width of each membership function tends to zero since as (11) suggests, for big value of k , W is inversely proportional to k and then (13) and the shape of membership functions tend to impulse singleton functions on their center since;
And; ( )
Mapping of (19) governs on both inputs and outputs fuzzy variables and expresses infinite number of adjacent extremely thin triangular membership functions on a continuous real normalized support. These fuzzy sets comprise the fuzzification and defuzzification concepts in which each crisp value on the support is equivalent to its own fuzzified input set and the output fuzzy set also has already been defuzzified into the output crisp value and there is no need for fuzzification and defuzzification. This concept can be generalized to the other types of membership functions such as Gaussian sets since when the number of membership functions is increased to infinity in the certain range, the width of membership functions tends to zero, regardless the type of fuzzy sets. Each membership function then becomes an impulse on its center and the discrete function (6) can be rewritten for the real
where i j , denotes a continuous real number. Generally, in time t , in the continuous time domain, one can consider gain factors instead of normalization and denormalization;
that can also be expressed by absolute function [14] as
which is a variable structure controller composed of a linear state feedback function and a nonlinear saturation function describing by the following properties:
Any other monotone function which satisfies (23) can emulate the mapping of (21) and can be adopted as our formulation of so-called crisp fuzzy-inspired controller (CFIC). It is preferable to have a continuous and differentiable version of CFIC. For this purpose (21) can be approximated by tanh(x) function [16] , [17] which satisfies (23). Therefore (22) is asymptotic to ( )
From the above reasoning we can concludes that when the number of fuzzy membership functions in a monotone fuzzy controller with complete and consistent rule table increases to infinity, the controller can be approximated by CFIC which is described by a saturated linear state feedback controller or its approximation. CFIC replaces fuzzy controller with good approximation, smooth behavior and memoryless inference.
IV. FUZZYY MODEL, OPTIMAL CONTROL AND STABILITY
We introduced CFIC for a SISO (but multi-state) monotone fuzzy controller when the number of fuzzy sets for each variable increases to infinity. We also showed that CFIC represents a linear combination of inputs followed by a nonlinear saturation function. This approach also can be used to represent the fuzzy system of a monotone dynamic system that can be hypertozid [15] (instead of linearized) by
which is hyperbolic representation of states equation with ( )
where k i are considered positive constants.
Hyperbolic state representation (26) is inherently nonlinear, more accurate than the simple linear representation and also bounded which is the case of most physical systems [15] . It also admits a unique solution for a large class of controls [15] . 
and the optimal controller, yielding J , is given by
and the closed-loop system (26) is globally asymptotically stable.
In the Section III we have proven that the monotone fuzzy systems (controller or plant fuzzy model) are governed by ( ) ( ) tanh K x t relation. Then Lemma 1 can be generalized to represent a wider class of monotone fuzzy logic controllers as
Proposition 2
A monotone system can be expressed by a monotone fuzzy system (As shown in Section III) and this system can be hyperbolized by (26) [15] . Therefore the hyperbolic state representation of a hyperbolized monotone system is governed by Lemma 1.
Proposition 2, indeed uses the results of Lemma 1 for a wider range of fuzzy systems after hyperbolizing to (26).
V. RESULTS AND DISCUSSION

A. Experimental Setup
A dimmer circuit as a real case study is used to control bulb temperature. The states are chosen to be the error and the integral of the error. For this SISO example, the control strategies for PI, conventional fuzzy and PI-like crisp fuzzyinspired controllers are implemented by MATLAB. Data acquisition is done in LabVIEW environment and MATLAB control algorithm is called in LabVIEW [18] (see Fig. 1 and 
B. Experimental Resulrts
The temperature has been controlled and the results (control output, process output, error and change of error) in terms of controller algorithms of crisp fuzzy -inspired approaches, conventional fuzzy logic controller and conventional PI (PD cascaded by I) controller have been recorded. Because of limitation in space, the plots of control results, are only shown for (24) in Fig. 3 where all the control results are shown in Table I where P , t r , t s , R.S. , M P and S.I. stand for peak value, rise time, settling time, rise slope, maximum overshoot and superiority index, respectively. Rise slope is desired to be as maximized as possible to have high tracking velocity while superiority index is tried to be forced to its minimal value to have the least oscillation and rise time. E Σ and U Σ also are wished to be minimized to achieve the least error (best performance) and the least control effort ( for safety of the actuators), respectively. Three different step values of 50 C , 70 C and 50 C are applied as a setpoint to show the ability of controllers to control the processes with disturbance in setpoint. The results are shown for three regions of setpoit in Table I . The subscript number indicates the number of region.
VI. CONCLUSION
The main objective of the article is to approximate the monotone fuzzy system by an explicit formula to simplify the implementation. Because of monotone property, the number of fuzzy sets for each variable can be increased to infinity while the rule table is preserved monotone. This leads to formulate the mapping of the rule table by a unique equation (22) approximating the fuzzy controller surface. The crisp formulas are fuzzy-like and somehow express control rules in natural language basis furthermore they skip designer from the rule table, fuzzification, defuzzification and best of all save memory space. In addition, the quality of control will not being degraded even being improved because instead of finite number of fuzzy subsets for each fuzzy variable there is infinite number of real crisp subsets on a continuous real universe of discourse.
Finally the hyperbolic representation with the optimal control solution and asymptotic stability result, that previously had been proven [15] for a small class of fuzzy systems, is generalized for wider class of monotone fuzzy systems.
Experimental results support that the proposed CFIC gives comparable and in some cases better performance and stability than conventional fuzzy controllers with the merit of simplicity. 
